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The  a r t i c l e  desc r ibes  an exact  method for  calculat ing the t e m p e r a t u r e  field in sol ids when 
they a r e  heated in a med ium with a va r iab le  h e a t - t r a n s f e r  coefficient and a nonuniform 
init ial  t e m p e r a t u r e  dis t r ibut ion.  

In [1] a method for  the exact  calculat ion of the t e m p e r a t u r e  f ield of a solid object undergoing heat ex-  
change in a medium with a va r i ab le  t e m p e r a t u r e  and a va r iab le  h e a t - t r a n s f e r  coefficient was d iscussed  for  
a l a rge  number  of Bi(Fo)funct ions o f p r a c t i c a l  in te res t ,  as  applied to an infinite p la te .  Fo r  8(1, Fo), the 
t e m p e r a t u r e  of the heated su r face ,  we found in [1] an o rd inary  different ia l  equation with va r i ab le  coeff icients  
which is so lvable  by opera t ional  methods [2]. The init ial  t e m p e r a t u r e  dis t r ibut ion was a s sumed  to be  ze ro .  
We shall  now show, using the example  of a pla te ,  how to deal with a nonuniform initial dis t r ibut ion.  We shal l  
a s s u m e  that the t e m p e r a t u r e  of the medium is ze ro .  Heat t r a n s f e r  takes  p lace  at the plate  su r face  X = 1, 
while the su r face  X = 0 is t h e r m a l l y  insulated.  

To  solve the p rob l em,  we mus t  e s tab l i sh  how a| Fo)/OX v a r i e s  with 0(1, Fo). 

It  was shown in [3] that if F| > 0, the function 0| Fo)/0X can be r ep re sen t ed  as a convergent  s e r i e s  
r 

O@(1, Fo) ~ ' ~  Z, (Fo), (1) 
aX z . a  

i = [  

in which Zi(Fo), i = 1, 2, . . . .  a r e  de te rmined  f r o m  the solution of the o rd ina ry  different ia l  equations 

T~2i (Fo) + Z~ (Fo) = 2T~6 (1, Fo), i = 1, 2, . . ,  (2) 

with initial conditions Zi(0 ) = Z~, uniquely de te rmined  by the initial t e m p e r a t u r e  dis tr ibut ion function. Fo r  
the equations in (2) we have 

4 
T i : 

( 2 i -  1)~n 2 

The solutions Z i (Fo) of these  equations with initial  conditions Z ~ which a r e  nonzero  at t ime  F| = 0 - 0  
{before the s t a r t  of the per turba t ion)wi l l  be identical  for  F| __> 0 + 0 (after the s t a r t  of the per turbat ion)  with 
the solutions Yi (Fo) of the equations 

Tiyi(Fo) -j- y~ (eo) = 2T~O(1, eo) + TiZ~ i = 1, 2, . . ,  (3) 

with init ial  conditions which a r e  ze ro  at t ime F| = 0 - 0  [4]. Here  6(Fo) is the Dirac  &funct ion.  

Summation of the left  and r ight  s ides of Eq.  (3), taking account of (1) and the identi t ies Zi(Fo ) - Yi(Fo), 
which a r e  valid for  F| -> 0 + 0, y ie lds :  

~o r162 r 

o x  x _ a  
i ~ l  i = 1  i = l  

Now we mult iply each equation of (3) by T i and dif ferent ia te  t e r m  by t e rm:  

T 2, yt'" (Vo) + T,y, (Fo) = 2T~6(I,  Fo) + T2Z~ $(Vo), i = 1, 2, . . .  (5) 
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Summing with respec t  to i in (5), we obtain the sum ~ T i ] i (Fo  ) and substi tute the resul t ing express ion  
into (4): ~=1 

2 2 2 2 T~y'i(F0)--6(1 , Fo) 2 r ~ + o ( 1 ,  Fo) 2T, -- 0e(1, Fo) 6(Fo) T+Z~ 8(Fo) T, Z~. (6) 

Proceeding  with repea ted  t ransformat ions  of this kind we finally obtain an ordinary  differential  equa- 
t ion for  | Fo)= 

Z Fo> +O,l, Vo, 2 a+ d-~o" o (t, ox + b,. (Fo) (7) 
n ~ l  t n ~ 0  

with the coefficients 
co 

a+ = (-- 1) n+z'~2TP, n = 1, 2, . . .  (8) 
i = 1  

b m = (-- I) '~§ "~ Z o Tin'4 -1 A~ ~- i  , m = 0 ,  1 . . . .  (9) 
i = 1  

tu re ,  
Taking account of the boundary condition of the third kind for  the case of a medium at zero  t empe ra -  

09(1, Fo) = Bi(Fo)O(1, Fo), (10) 
OX 

we finally a r r i v e  at the equation 

Bi(Fo)O(1, Fo )+  a,~-~-~ne(1,  Fo)= d-~o 8 ( F o ) . b , ~  (11) 
n ~ l  m~O 

It follows f rom the method used for  obtaining Eq. (11) that here  the initial conditions for  Fo = 0 -  0 
will be ze ro .  

Assume,  as in [1], that 

Bi (Fo) = Bi o --  [o (Fo), (12) 

where  Bi0 = const and f0(Fo) is r epresen tab le  by a rat ional  combination of sines (or cosines),  polynomials,  
and exponents.  

Proceeding  in a nmnner analogous to [1], for  a solution of Eq. (11), in the image domain, we make 
use of the "bifrequency t r ans fe r  function" method of [2]. According to [2], 

0(1, s )=  L 0(1, Fo)= Z 1 dVi - l  rots (~?j2.1)t dqVF1 [(q--qi)ViW(s' q)]' (13) 
q=qi 

where  the sum is taken over  all the qj-poles  of the second argument of the function W(s, q), and ~ is the 
multiplici ty of these poles .  

If (12) is sat isf ied,  we can obtain the bif requeney t r ans fe r  function W(s, p) in the fo rm of the absolutely 
and uniformly convergent s e r i e s  

W(s, p) = ~ W~(s, p). (14) 
v = O  

In the problem under considerat ion the zeroth  t e r m  of this se r i e s  yields the formula  

oo 

++, ii+, 
k~O 

where  
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co 

(s) = Bi o + X a:~' 
k ~ l  " 

and the a k and b k a re  the coefficients (8) and (9) of Eq. (11). 

It should be noted that the sum in (16) is a s e r i e s  expansion of the function ,Is th ( s ,  and in (15) 

(16) 

z? 
b h s k = -  ~ 1 

k = 0  i = 0  S ~ - -  
T, 

(17) 

T h e r e f o r e  

, z0 
= ~ (18) 

1 ' W o(s, p) PtF(s) .= s +  TI 

�9 (s) = Bi o + V's-th ]Z~ (19) 

All the subsequent (v = 1, 2 . . . .  ) t e rm s  of the s e r i e s  (14) a re  found by the r ecu r s ion  formula:  

'~ I d v/-____~ 
W~(s, p)= (vj i)! dqvi -I [(q--qyiW,(s, q)W~_l(s-- q, p--q)]. (20) 

q=q] 

The sum in (20) is taken over  all the q -poles of multiplicity v. of the second argument of the b i f r e -  
quency t r ans fe r  function Wu(s , q), which in ~ur p rob lem has the for)m 

F~ (q) (21) ~ .  (s, q) = - ~ - ,  F0 (q) = ~..qL :o (Fo) 

After  determining the t empera tu re  | Fo), the t empera tu re  field of the plate | Fo) can be found 
f rom the solution of the problem with a boundary condition of the f i r s t  kind. 

| 

L 
X 

a 

t 
x = x/L 

Fo = at/L z 

Bi (Fo) = o~ (Fo)L/k 

is the 
is the 
is the 
m the 
is the 
is the 
is the 
is the 
is the 
is the 

N O T A T I O N  

tempera tu re ;  
thickness of plate; 
space coordinate;  
t he rma l  dtffusivity; 
thermal  conductivity; 
hea t - t r ans f e r  coefficient;  
t ime;  
dimensionless  coordinate;  
Fou r i e r  number;  
Biot number .  
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